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H I G H L I G H T S
 To quantify tissue deformation map is important for understanding morphogenesis.
 Detailed cell behaviors during vertebrate development are often difﬁcult to measure.
 We develop a novel method to estimate deformation map from limited landmark data.
 The method is validated using artiﬁcially-generated data sets.
 In vivo validation is done by applying it to the data for chick limb development.
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a b s t r a c t
To understand the morphogenetic mechanisms of organ development and regeneration, it is essential to
clarify the inter-hierarchical relationship between microscopic, molecular/cellular activities and organ-
level tissue deformation dynamics. While the former have been studied for several decades, the latter –
macroscopic geometrical information about physical tissue deformation – is often missing, especially for
many vertebrates. This is mainly because live recording of detailed cell behaviors in whole tissues during
vertebrate organogenesis is technically difﬁcult. In this study, we have developed a novel method that
combines snapshot lineage tracing with Bayesian statistical estimation to construct whole-organ
deformation maps from landmark data on limited numbers of space-time points. Following the
validation of the method using artiﬁcially generated data sets, we applied it to the analysis of tissue
deformation dynamics in chick limb development. A quantitative tissue deformation map for St.23–St.24
has been constructed, and its precision has been proven by evaluating its predictive performance.
Geometrical analyses of the map have revealed a spatially heterogeneous volume growth pattern that is
consistent with the expression pattern of a major morphogen and anisotropic tissue deformation along
an axis. Thus, our method enables deformation dynamics analysis in organogenesis using practical
lineage marking techniques.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
1. Introduction
One of the main goals in the study of organ morphogenesis is to
understand how dynamic changes in organ morphology are
realized as outcomes of coordinated molecular and cellular phe-
nomena. To achieve this goal, quantiﬁcation of tissue-level defor-
mation dynamics with high accuracy is critical; construction of
tissue deformation maps and their geometrical analyses enable us
to determine when and where distinctive deformation patterns
occur, such as spatially-biased tissue expansion and globally-
aligned local tissue stretching. Such analyses will act as guideposts
in molecular and cellular studies aimed at understanding the
inter-hierarchical relationships among molecular, cellular, and
tissue-level events.
Over the past several years, quantitative deformation analysis
has become an active ﬁeld of research, especially in studies using
monolayer epithelial tissues of drosophila, zebraﬁsh, and chicken
embryos (Butler et al., 2009; Blanchard et al., 2009; Taniguchi
et al., 2011; Voiculescu et al., 2007; Graner et al., 2008). Epithelial
monolayers are particularly suitable for cellular-level time-lapse
imaging by conventional confocal microscopes due to their relative
thinness, transparency, and small number of target cells (1–103).
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Deformation analyses based on velocity ﬁelds, such as Particle
Image Velocimetry (PIV), have succeeded in capturing deformation
characteristics from imaging data (Supatto et al., 2005; Raffel et al.,
1998). In many vertebrate organs, however, “in toto imaging” or
live recording of detailed cell behaviors in whole tissues with high
resolution is difﬁcult; it is highly labor intensive and often not
applicable to large tissues (e.g., sometimes consisting of millions of
cells) or to experimental systems that are not suitable for genetic
labeling. One can often obtain landmark data only at limited
space-time points and with only low resolution, from which
velocimetric analyses are not suitable for estimating tissue defor-
mation maps and deformation characteristics, especially in the
case of large deformation processes.
There are only a few reports on the quantiﬁcation of tissue
deformation dynamics for understanding vertebrate organ shape
based on limited landmark data. Filas et al. (2008) proposed a
method in which a portion of the landmark data for a 2D surface
is locally ﬁtted by quadratic polynomials, and tissue strain is
estimated. The method was applied to chick brain and heart
development. Although this method is suitable for calculating
the local strain of tissues at each position in an organ, it is
difﬁcult in a statistical sense to precisely estimate a whole-organ
deformation map that reﬂects the information on the positional
changes of all landmarks at once. Marcon et al. (2011) proposed a
method to estimate the spatio-temporal pattern of deformation
characteristics of mouse limb development based on the spatial
distribution of clonal cells at different developmental stages and
an assumption about tissue mechanical properties (in particular,
the elasticity of the mesenchyme). The resulting estimated
deformation pattern was almost symmetric about the anterior–
posterior (A–P) axis; however, the result was not consistent with
that of another lineage analysis in the experimental study by
Harfe et al. (2004), in which it was suggested that the deforma-
tion dynamics are asymmetric along the A–P axis. Although the
reason for this inconsistency is not clear, since the initial
distribution of cells in the clonal analysis was unknown,
the validity of the estimated deformation pattern cannot be
addressed in statistical terms.
In this study, we have developed a novel mathematical method
that combines Bayesian statistical estimation and snapshot lineage
marking to construct tissue deformation maps of whole organs
from low resolution data. We have validated the method using
various artiﬁcially generated maps that produce the same mor-
phology but have different deformation dynamics in their internal
tissues; estimated maps were precise enough to perform reliable
tensor analysis of the deformation dynamics. Although the accu-
racy of estimation, of course, depends on parameters such as the
quantity of landmark data and the intensity of noise originating
from both measurement and intra/inter-embryo variability in
tissue deformation processes, we have shown that the method
works well for biologically plausible parameter ranges.
After validation of our method, we applied it to ﬂuorescent-
labeling data for chick limb development. While limb develop-
ment has been a well-studied topic in vertebrate organogenesis for
the past century, there is much less known about tissue-level
deformation than there is about molecular and cellular events.
Here we have constructed a quantitative tissue deformation map
for the interval St.23–St.24 and validated the map by measuring its
predictive performance. Geometrical analyses revealed a spatially
heterogeneous volume growth pattern that is consistent with the
expression pattern of a major morphogen and anisotropic tissue
deformation along an axis.
Our approach broadens the range of target organs that can be
analyzed, especially in vertebrates, whose deformation dynamics
have been difﬁcult to analyze, and will make it possible to bridge
the gaps between inter-hierarchical phenomena.
2. Model and results
2.1. Characterization of tissue deformation dynamics: deformation
map and deformation gradient tensor
Mathematically, the global deformation of organ morphology is
described by a map (Bonet and Wood, 2008; Marsden and Hughes,
1983),
x¼ ϕðXÞ; ð1Þ
where X and x are positional vectors for each cell or each piece of
tissue before and after deformation, respectively (Fig. 1A). In the
following, we use the upper case for the coordinates and bases
(including their sufﬁxes) before deformation, and the lower case
for them after deformation. The deformation gradient tensor
F ¼∑FiKei  EK ð2Þ
includes all information about local tissue deformation around a
focal location, where EK and ei are orthonormal bases before and
after deformation, respectively (Fig. 1B) (see Appendix A about
tensors). Using map ϕ, the components of F are given as
FiK ¼ ∂ϕi=∂XK (where XK is the K-th component of X). Intuitively,
the tensor describes how a small circle (in a 2D scenario) or sphere
(in a 3D scenario) surrounding the focal location deforms during a
given time interval. Based on the right polar decomposition, F is
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Fig. 1. Characterization of tissue deformation dynamics. (A) Global organ deforma-
tion is deﬁned by map ϕ. (B) Local tissue deformation is deﬁned by the deformation
gradient tensor F , whose components are calculated by using map ϕ. F is
decomposed into F ¼ RU , where R and U are the rotation tensor and the right
stretch tensor, respectively. Tissue growth rate and deformation anisotropy are two
key characteristics (see the main text for details).
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decomposed into F ¼ RU , where R and U are the rotation tensor
and the right stretch tensor, respectively, deﬁned as follows:
R¼∑RiKei  EK ; ð∑iRKiRiL ¼ δKLÞ; ð3aÞ
U ¼∑UKLEK  EL; ð∑KUJKUKL ¼∑iFJiFiLÞ: ð3bÞ
Local tissue deformation can be characterized by quantities
such as “tissue growth rate” and “deformation anisotropy”. Tissue
growth rate is a scalar deﬁned by det½F and represents changes in
area or volume around the focal position (Fig. 1B). At the cellular
level, the cell proliferation rate is considered to be the major
determinant of the tissue growth rate, although other factors, such
as change in cell size and secretion of extracellular matrix, might
also be involved.
Deformation anisotropy represents the biased stretching of
local tissue pieces. In a 2D case, this anisotropy is expressed by
the vector along which the maximal stretching occurs and whose
magnitude is a function of the ratio between maximum and
minimum stretching (along its perpendicular axis) (Fig. 1B). Math-
ematically, a deﬁnition of the anisotropy is the vector whose
magnitude and direction are λ1=λ2 and v1, respectively, where λ1
and λ2 (λ1Zλ2) are eigenvalues of the tensor U (i.e., principal
stretches), and v1 is the unit eigenvector of U for λ1 (i.e., principal
axis). In this deﬁnition, for isotropic deformation, the magnitude of
anisotropy is 1. Another possible deﬁnition is the vector whose
magnitude is 1λ2=λ1, the value of which is 0 for isotropic
deformation. At the cellular level, deformation anisotropy is
caused by change in cell shape and/or rearrangement of cell
positions. The latter, in particular, results from the total effect of
space- and direction-dependent cellular behaviors, such as
oriented cell division and cell sorting based on region-speciﬁc
adhesion differences (Ide et al., 1998; Barna and Niswander, 2007;
Li and Muneoka, 1999; Gros et al., 2010; Sato et al., 2010; Boehm
et al., 2010).
2.2. Finding “morphogenetic hot spots” is a key to understanding the
mechanisms determining organ-speciﬁc morphologies
The geometrical parameters described above depend on location
within a tissue and on developmental stage, and their spatio-
temporal patterns determine organ-speciﬁc morphogenesis. It is
important to note that there are inﬁnite ways of mapping (combin-
ing local changes in tissue growth rate and anisotropic tissue
deformation) to generate the same organ morphology (outline)
from the same initial shape (Prusinkiewicz and Runions, 2012;
Marcon et al., 2011). For example, Fig. 2A shows three different
deformation maps (magenta lattices) that produce the same mor-
phology (right panels). In Case I, the target morphology is achieved
by distally-biased volume growth and anisotropy of tissue deformation
Fig. 2. Validation of the proposed method using artiﬁcially-generated data sets. (A) Three examples of deformation maps (magenta lattices) that produce the same
morphology (right three panels) from the same initial morphology (left). Green lattices are estimated maps from artiﬁcially-generated data sets (5 results are superimposed
for each case). (B) Spatio-temporal patterns of deformation characteristics: volume growth rate (left) and deformation anisotropy (right). Black arrows represent the
direction of the principal stretch (i.e., the direction of greatest stretch magnitude) at each position within tissues. Each deformation dynamics has different morphogenetic
hot spots (i.e., regions with higher growth rate and/or anisotropy of tissue stretching). (C) Estimated patterns of deformation characteristics produced by the proposed
method. (D) How to generate test data sets. (E) When xi was outside the boundary of tissue due to the noise (ξi), it was adjusted so as to be inside the tissue. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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along the proximo-distal axis (Fig. 2B, left panels). The two
deformation characteristics – tissue growth rate and deformation
anisotropy – are positively correlated. In contrast, in Case II, there
is no correlation between them: spatially-uniform volume growth
and proximally-biased anisotropic tissue deformation generate the
same target morphology (Fig. 2B, middle panels). Case III shows
another example in which the same morphology is realized by a
more complex deformation pattern (Fig. 2B, right panels). In order
to ﬁnd out what occurs in living tissues from among the many
possibilities for their deformation dynamics, it is vital to accurately
capture the spatial and temporal heterogeneity of deformation
characteristics, especially in regions with higher growth rates and/
or anisotropy of tissue deformation, which we call morphogenetic
hot spots. Once these hot spots are identiﬁed, by analyzing the
correlation between the tissue-level deformation and the mole-
cular/cellular activities occurring there (e.g., morphogen expres-
sion and intercellular positional rearrangement), inter-hierarchical
relationships between events at different spatial scales will be
more understandable.
2.3. Estimating a whole-organ deformation map from limited
space-time point data
To obtain data for the creation of deformation maps, one
approach is to use in toto imaging. However, as stated before, it
is often difﬁcult because of large tissue size and opaqueness.
Therefore, we employed a different approach that depends on
discretized snapshot data, such as that obtained from simple
ﬂuorescent-dye marking (Fig. 2D. See also Fig. 5B–D for data from
chick limb development).
2.3.1. How to estimate deformation map using a Bayesian approach
In our method, tissue deformation maps are estimated based
on a Bayesian approach from positional data for landmarks with
limited resolution. Such a statistical approach is necessary because
the positional data include different kinds of noise, such as inter-
and/or intra-embryo variability and measurement noise. A major
advantage of the Bayesian approach is easier inclusion of plausible
assumptions into likelihood functions as prior information, such as
deformation smoothness, described below (Ishihara and Sugimura,
2012; Bishop, 2006). Another advantage is that we do not need to
worry about the problems of over-ﬁtting andmodel complexity, which
are sometimes signiﬁcant in other estimation methods (Bishop, 2006).
In the following, we focus on the case of two-dimensional
deformation because the visual understanding of the explanation
is easier, but the estimation method can be extended to the three-
dimensional case with only minor modiﬁcation (see Appendix B
for comments on the 3D case). Speciﬁcally, we considered a regular 2D
lattice enveloping target organs before deformation and estimated
how the lattice deforms over a given time interval. Our model includes
three types of probability distributions: data distribution, prior
distributions of parameters, and hyper parameters. In the follow-
ing, we ﬁrst explain these distributions and then show how the
map was estimated by using those distributions.
2.3.2. A distribution of observed data
In our method, the tissue deformation map is represented as
the deformation of a regular lattice enveloping an organ; i.e., the
correspondence of spatial coordinates of each lattice point before
(denoted by Θi ¼ ðXiL;YiLÞ for i-th point) and after ðθi ¼ ðxiL; yiLÞÞ
deformation. In the following, for convenience, we adopt two ways
of representing the coordinates of the lattice points. When referring to
a speciﬁc point, Θi or θi is used, and when referring to all points,
Θ¼ ðXL1;⋯;XLM1 ;Y1
L;⋯;YLM1 Þ or θ¼ ðxL1;⋯; xLM1 ; yL1;⋯; yLM1 Þ is used.
M1 is the total number of lattice points. Note thatΘ is a given quantity,
and θ is estimated based on data.
The coordinates after deformation of an arbitrary point in an
organ, located at X i before deformation and included in a square
formed by the four lattice points i1, i2, i3, and i4 (see Fig. 3A), is
modeled as a weighted linear sum of the coordinates after
deformation of the four lattice points (denoted by θik (k¼ 1;…;4)):
xi ¼∑kWikθik: ð4Þ
Wik is the interpolation coefﬁcient, and we adopted a commonly
used shape function in the ﬁnite element method (see the thin
lines in Fig. 3A):
Wik ¼
1
4
17
dXi
ΔX
 
17
dYi
ΔY
 
; ð5Þ
where dX i  ðdXi; dYiÞ ¼ X iC i. C i ∑kΘik=4 is the coordinate for
the center of the square before deformation. ΔX and ΔY are the
sizes of the intervals between adjacent lattice points along the
X-axis and Y-axis, respectively. Note thatWij can be calculated only
from the pre-deformation information.
For a given map θ and data on the spatial coordinates before
deformation of ﬂuorescent markers X ¼ ðX1D;⋯;XND;Y1D;⋯;YNDÞ,
the probability of observing the data x¼ ðx1D;⋯; xND; y1D;⋯; yNDÞ,
the coordinates after deformation of those markers, is assumed as
follows:
PDðxjθ;X;s2Þ ¼
1
ð2πs2ÞN
exp  1
2s2‖xAθ‖
2
 
; ð6Þ
where ðXiD;YiDÞ and ðxiD; yiDÞ are the coordinates of the i-th marker
before and after deformation, and N is the number of data points.
s2 is the variance of the distribution PD. Each component of matrix
A (2(N M1) matrix) corresponds to the interpolation coefﬁcient
Wnn for each data point (Fig. 3A).
2.3.3. A prior distribution for parameters: smooth deformation
of internal tissue
As biologically plausible prior information in estimating defor-
mation maps, we assume “smooth deformation” of tissues; speci-
ﬁcally, the spatial derivative of the deformation gradient tensor F
calculated at each position is not large. As shown in Fig. 3B, each
lattice point j (whose coordinates before and after deformation are
Θj and θj) has four adjacent lattice points jβ ðβ¼ 1;…;4Þ (Θjβ and
θjβ) and four adjacent squares Sjβ ðβ¼ 1;…;4Þ deﬁned by the
adjacent lattice points. Denoting the deformation of the β-th
square by tensor FkL
ðjβÞ (see Fig. 3B and Appendix C for details),
“smooth deformation” is represented as follows: E½θj is given so as
to minimize the variations among the four tensors FkL
ðjβÞ (β¼ 1;…;4),
E½θj ¼ arg min ∑
4
β ¼ 1
∑
k;L
ðFkLðjβÞ FkL
ðjÞÞ2; ð7aÞ
FkL
ðjÞ ¼ ∑
4
β ¼ 1
FkL
ðjβÞ=4: ð7bÞ
Based on the above, we model the prior distribution for θ by
the following Gaussian distribution:
π1ðθjw12; f 1Þ ¼
ðdetD1TD1Þ1=2
ð2πw12ÞM1
exp  1
2w12
‖D1θB1f 1‖2
 
; ð8Þ
where f 1 ¼ ðxB1;…; xBM2 ; yB1;…; yBM2 Þ is a vector whose components
are the coordinates after deformation of the boundary points (M2 is
the number of boundary points). f 1 works as hyper parameters
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whose prior distribution is explained below (Fig. 3C). w12 is the
variance of the distribution π1. Matrices D1 (2(M1 M1)
matrix) and B1 (2(M1 M2) matrix) are uniquely determined from
Eq. (7a).
2.3.4. A prior distribution of hyper parameters: smooth deformation
of boundary
As with the prior information for parameters, a smooth deforma-
tion of the organ boundary is assumed. Concretely, smooth deforma-
tion is modeled as:
E½xBi  ¼ ðxBi1þxBiþ1Þ=2; ð9aÞ
Var½xBi  ¼w22ð‖XBiþ1XBi ‖þ‖XBi XBi1‖Þ=2; ð9bÞ
where (X i1
B, X i
B, X iþ1
B) and (xi1B, xiB, xiþ1B) are the coordinates of
three consecutive boundary points before and after deformation,
respectively (Fig. 3C).
Based on the above, the prior distribution for hyper parameter
f 1 is given as the following Gaussian distribution:
π2ðf 1jw22; f 2Þ ¼
ðdetD2TD2Þ1=2
ð2πw22ÞM2
exp  1
2w22
‖D2f 1B2f 2‖2
 
; ð10Þ
where f 2 is the position after deformation of both ends of the
boundary (Fig. 3C) and work as hyper–hyper parameters in
Bayesian estimation. w22 is the variance of the distribution π2.
The components of matrices D2 (2(M2 M2) matrix) and B2
(2(M2  2) matrix) are calculated by Eq. (9). As shown later, this
prior information for the boundary is important for reducing error
accumulation around organ boundaries.
Before deformation After deformation
After deformationBefore deformation
Fig. 3. Bayesian inference of 2D deformation map. (A) Assumptions for the data distribution (see the main text for details). Matrix A deﬁnes a way of interpolating data
points using the positions of lattice points. (B) Assumptions for parameters (i.e., spatial coordinates of internal lattice points after deformation). As prior information for θ,
smooth deformation of internal tissue is assumed. (C) Assumptions for hyper-parameters (spatial coordinates of boundary points after deformation). Smooth deformation of
boundary shape (i.e., the second derivative is small) is assumed.
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2.3.5. Numerically estimating the parameters
According to Bayes' theorem, unknown values of parameter θ are
estimated from the posterior distribution PðθjxÞ with observation x:
PðθjxÞpPDðxjθ;s2Þπ1ðθjf1;w12Þπ2ðf1jf2;w22Þ ð11aÞ
pexp  1
2s2HðθÞ
 
ð11bÞ
HðθÞ ¼ ð‖xAθ‖2þμ12‖D1θB1f1‖2þμ22‖D2f1B2f2‖2Þ; ð11cÞ
where μ12 ð ¼ s2=w12Þ and μ22 ð ¼s2=w22Þ are the ratios of the
variance of data distribution PD to the variances of prior distribu-
tions for parameters π1 and hyper parameters π2, respectively (see
Appendix D for a brief introduction to Bayesian inference). The
most probable estimation for θ is obtained by maximizing the
value of the posterior distribution or minimizing the function HðθÞ.
On the other hand, the hyper parameters fs2;w12;w22g (or
fs2; μ12; μ22g) and hyper–hyper-parameters f2 are determined by
maximizing the following marginal likelihood function
Lðs2; μ12; μ22; f2Þ (Akaike, 1980) or minimizing Akaike's Bayesian
information criterion (ABIC) (Ishihara and Sugimura, 2012):
Lðs2; μ12; μ22; f2Þ ¼
ZZ
PDðxjθ;s2Þπ1ðθjw12; f1Þπ2ðf1jw22; f2Þdθdf1:
ð12Þ
Maximizing the marginal likelihood was done as follows. The
function HðθÞ is rewritten as
HðθÞ ¼
x
0
0
0
B@
1
CA
A 0 0
D1μ1 B1μ1 0
0 D2μ2 B2μ2
0
B@
1
CA
θ
f1
f2
0
B@
1
CA


2
: ð13Þ
Since norm is invariant under any orthogonal transformation,
there exists an orthogonal transformation U such that Eq. (13) can
be transformed by it as follows (e.g., using Householder transfor-
mation (Horn and Johnson, 1985)):
U
A 0 0
D1μ1 B1μ1 0
0 D2μ2 B2μ2
x
0
0
0
B@
1
CA¼
G g
0T g
0 0
0
B@
1
CA ð14Þ
where the matrix G is an upper triangular matrix. g and g are a
vector and a scalar quantity, respectively. From Eq. (14), the
logarithm of marginal likelihood Lðs2; μ12; μ22; f2Þ becomes:
log L¼ log
ZZ
C exp  1
2s2 gG
θ
f1
f2
0
B@
1
CA


2
 g
2
2s2
2
664
3
775dθdf1 ð15aÞ
C ¼ 1
ð2πs2ÞN
ðdetD1TD1Þ1=2
ð2πw12ÞM1
ðdetD2TD2Þ1=2
ð2πw22ÞM2
ð15bÞ
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Fig. 4. Validation of the proposed method using artiﬁcially-generated data sets. (A) The estimation accuracy of deformation maps was evaluated by calculating the mean
square error of the estimated positions of lattice points after deformation. (B) Dependence of estimation error on noise intensity (left), the number of data points (middle),
and deformation dynamics (right). The error bars indicate S.D. of the estimation error among 10 data sets. (C) Dependence of estimation error on mesh size; accuracy of
estimation is not highly sensitive to the mesh size. (D) In the absence of the prior information that boundary shape is smooth, the estimation error becomes larger around
organ boundaries.
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with an OPT scanner. (F) The growth rate along the DV axis at each point Xp can be approximated as hðϕ2DðXpÞÞ=HðXpÞ. (G) Cross-sections of a limb bud at two different
positions along the PD axis. The green lines indicate planes in which the ﬂuorescent markers were injected. We estimated the 2D deformation map on plane ΠD using data
from markers after projecting them to ΠD . The distance between the labeled plane and ΠD is not large (speciﬁcally, the size of several cells on average and 10 cells at most).
(H) Prediction errors along the PD and AP axes calculated for the estimated map. See also the main text. (I) From the left, spatial patterns of area growth rate, deformation
anisotropy, DV growth rate ðh=HÞ, and volume growth rate. In the second panel from the left, the black double-headed arrows indicate the directions of deformation
anisotropy vectors; their lengths are proportional to the magnitudes of the anisotropy, which is also shown with different colors. In the third panel, much higher DV growth
rate around the proximal region (dotted circle) is an inevitable artifact associated with the trunk tissue left after surgical processes (see the black arrow heads in Fig. 5(E)).
(J) The Shh expression pattern at St. 23. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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After some calculation (see Appendix E for details), it holds that
max
s2 ;f2
ð2LÞ ¼ 2N log g2 þ2M1 log ðμ12Þ
þ2M2 log ðμ22Þ2 ∑
2ðM1þM2Þ
j ¼ 1
log jGjjjþconst: ð16Þ
Finally, we determined the remaining two parameters, μ1 and
μ2, by numerically maximizing the right side of Eq. (16) (see
Appendix F for comments on computational time).
2.4. Validation of the proposed method using artiﬁcially-generated
landmark data sets
We evaluated the performance of our method by using differ-
ent artiﬁcially-generated 2D deformation maps, shown in Fig. 2A.
Considering applications of the method to data for vertebrate limb
development, we used organ shapes and scales of actual chick
limb buds at stages 22 and 24 for before and after deformation,
respectively. The maps were generated with 100 μm ﬁneness
(cf., the diameter of a single cell is about 10 μm) (see magenta
lattices in Fig. 2A). For each deformation map, artiﬁcial landmark
data were obtained as follows. First, N points Xiði¼ 1;…;NÞ were
randomly distributed in the tissue before deformation. Their
positions after deformation were then calculated as follows (see
Fig. 2D):
xi ¼ ϕðJÞðXiÞþξi; ð17Þ
where Xi; xiði¼ 1;…;NÞ are the positional vectors of the i-th data
point before and after deformation, respectively. ϕðJÞ ðJ ¼ 1;2;3Þ is
the deformation map of the J-th deformation dynamics (Fig. 2A
(i.e., case I, II, or III)), and ξi is the noise term, obeying bivariate
normal distribution. When xi was outside the boundary of the
tissue due to noise (ξi) (especially around organ boundaries),
it was adjusted so as to be inside the tissue (Fig. 2E).
We estimated maps for different noise intensities and numbers
of data points and compared them with the true maps ϕðJÞ
(Figs. 2A–C and 4A and B). The estimation accuracy of each map
was quantiﬁed by calculating the mean square error of estimated
positions of lattice points after deformation for each data set
(Fig. 4):
Estimation error¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
∑
M
i ¼ 1
‖θi θ^i‖2
 !,
M
vuut ; ð18Þ
where θi; θ^i are the positional vectors of the i-th lattice points of
the true and estimated maps, respectively, and M is the total
number of lattice points. We conﬁrmed the validity of the
proposed method (Fig. 2A–C); maps and spatial patterns of
deformation characteristics were captured precisely (compared
to the mesh size) in all the examples, and the three deformation
dynamics were clearly distinguished from one another. Of course,
the accuracy of estimation depends on parameters such as the
quantity of landmark data and the intensity of noise originating
from measurement and intra/inter-embryo variability in the tissue
deformation process. In the analysis of chick hindlimb develop-
ment, for example, the number of data points N is 220, and the
noise intensity s is estimated to be about 40 μm from the
calculation of residual errors. Fig. 4B shows that the proposed
method works well for biologically-plausible parameter ranges.
In addition, we conﬁrmed that the accuracy of estimation is not
highly sensitive to mesh size (Fig. 4C), although, of course, the
deformation characteristics cannot be captured precisely using
mesh sizes that are either too coarse or too ﬁne.
We also tested the case in which there is no prior information
about boundary smoothness (the distribution π2 given by Eq. (10)).
In this case, the estimation error became larger around the organ
boundary. This is due to the increase in the goodness of the ﬁt to
the data with consequent sacriﬁce of boundary smoothness
(Fig. 4D and Appendix G).
2.5. Biological applications: in vivo validation using chick limb
development
2.5.1. 2D deformation dynamics on the frontal plane of the limb bud
For the purpose of in vivo validation, we applied the method
developed above to chick limb development (see Appendix H).
Vertebrate limb development begins with the formation of a limb
bud, a ﬂat paddle-like structure protruding from the trunk, and is
followed by the elongation of the limb bud along the proximal–
distal axis (Fig. 5A). The scale of the limb bud is on the order of
mm (Fig. 5C), which is much larger than that of a single cell (about
10 μm diameter), and thus the limb bud can be regarded approxi-
mately as a continuum in tissue-level deformation analysis. It is
known that the dorsal tissue of the limb bud does not intermingle
with the ventral tissue (Arques et al., 2007), and thus we ﬁrst
examined the 2D deformation dynamics of the dorsal half on the
frontal plane at an intermediate depth in the dorsal half (ΠD in
Fig. 5G); in particular, we here focused on deformation in the 12-h
interval from St.23 to St. 24, during which a clear expansion at the
posterior region (prospective digit 4 region) is observed.
For tissue labeling, we used the ﬂuorescent dye combination
DiI/DiO (Vargesson et al., 1997). Due to the limitations in deep
imaging and precise depth control in labeling, the markers (with a
diameter of around several tens of μms) were randomly injected at
a depth of about 100 μm from the dorsal ectoderm. Although not
all data were necessarily on the target plane ΠD, since the distance
between the labeled plane (shown by the green lines in Fig. 5G)
and ΠD is not large (speciﬁcally, the size of several cells on average
and 10 cells at most), we estimated the 2D deformation map on ΠD
using the data from markers after projecting them to ΠD. For each
embryo, a few tens of markers were injected, and positional data
for the markers from eight embryos (220 markers in total) were
used to estimate the map.
The 12-h interval is short enough to allow precise capture of
the position of each marker, even though the markers expand
slightly with tissue growth. This is an important point: in order to
quantify local deformation at a given focal point, we do not need
information about the change in marker size itself, but rather
about how the relative positions of neighboring markers change
with time. In previous fate mapping studies for vertebrate limb
development (Vargesson et al., 1997; Clarke and Tickle, 1999; Sato
et al., 2007; Pearse et al., 2007; Arques et al., 2007), the spatial
distributions of labeled cells were compared between stages
temporally separated by several days, and the marker distributions
were too expanded to extract detailed deformation characteristics
from them.
We evaluated the accuracy of the estimated maps by measuring
their predictive performance (cross-validation) (Fig. 5H). For
each time interval, 90% of the positional data for the injected
ﬂuorescent markers before and after deformation was used for
estimating the deformation maps by the proposed Bayesian
method, and the remaining 10% of the data was used for calculat-
ing predictability, deﬁned as the mean square error of predicted
positions of markers after deformation. The error was calculated
along the proximo-distal and antero-posterior axes separately as
follows:
ðδx; δyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
∑
Np
i ¼ 1
jxDi  x^ij2
 !,
Np
vuut ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
∑
Np
i ¼ 1
jyDi  y^ij2
 !,
Np
vuut
0
@
1
A
ð19Þ
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where ðδx; δyÞ is the error along each axis (x: PD-coordinate,
y:AP-coordinate), and ðxDi ; yDi Þ and ðx^i; y^iÞ are the positional data
for the i-th marker and its estimated position, respectively. Np is
the number of data points used for calculating the predictability.
The sizes of prediction errors along the PD and AP axes were about
30–40 μm, which is much smaller than the scale of the mesh size
(150 μm) used for the estimation of the map, demonstrating the
accuracy of the estimated maps in quantitatively capturing the
dynamic change in limb morphology. Since the estimation process
included data from several embryos, the small error size also
indicates that the morphogenetic process is highly consistent
among embryos. In other words, all embryos adopt a very similar
tissue deformation pattern during limb morphogenesis.
In Fig. 5I (left), the spatial pattern of area growth rate over 12 h is
shown as a heat map, with warmer colors indicating higher growth
rates. Tissue growth was posteriorly biased during St. 23–24, and the
pattern was quite similar to that of the expression of Sonic hedgehog
(Shh), a major morphogen in vertebrate limb development (Fig. 5J).
This suggests an inter-hierarchical link between tissue-level deforma-
tion characteristics and molecular activity, although, as a future
challenge, more quantitative measurement and analysis are required
for its proof. This relationship between posteriorly-biased growth and
Shh signaling is also supported by a report that SHH-expression cells
in the mouse limb bud give rise to the posterior half of the future
autopod, which was proven by tracing SHH-expressing cells using the
ShhGFPCre/þ , R26R/þ line (Harfe et al., 2004).
Besides a spatially-biased tissue growth rate, our mapping
study revealed that the orientation of deformation anisotropy is
globally aligned along the proximo-distal axis (black arrows in
Fig. 5I (the second panel from the left)). Currently, the mechanism
that generates such a global orientation of local deformation
anisotropy is unknown, but it might be an important factor in
determining overall morphogenesis, which will be shown by
studies on dynamic positional rearrangement of cell position and
cellular/tissue mechanics. It has often been suggested that distally-
biased growth is a driving force behind the unidirectional elonga-
tion of the limb bud. This is because much experimental evidence
had suggested there was a higher proliferation rate at the distal
region (Hornbruch and Wolpert, 1970; Reiter and Solursh, 1982;
Dudley et al., 2002), and most simulation studies that assumed
distally-biased growth had succeeded in modeling unidirectional
growth of a limb bud (Ede and Law, 1969; Dillon and Othmer 1999;
Poplawski et al., 2007; Morishita and Iwasa, 2008). Our analysis
shows that, in contrast, there is no large bias in the volume growth
rate and tissue stretching rate along the PD axis (Fig. 5I) and rather
supports the prediction made by the simulation study of Boehm
et al. (2010), which showed, using a ﬂuid dynamics model, that
unidirectional elongation of the limb bud cannot be achieved only
with spatially-biased tissue growth.
2.5.2. Evaluation of growth rate along the dorsal–ventral axis
We quantiﬁed the 2D deformation map x¼ ϕ2DðXÞ on a frontal
plane, ΠD. Currently, accurately measuring the positional change
of each ﬂuorescent marker along the dorso-ventral (DV) axis in
live organs is difﬁcult, and thus it is also difﬁcult to examine how
the 2D deformation map on the frontal plane depends on DV
depth. Assuming that the DV dependence of the 2D deformation
map is not large, due to the ﬂatness of the limb bud, we here
approximately evaluated the growth rate along the DV axis as
hðϕ2DðXpÞÞ=HðXpÞ at each point Xp, where HðXÞ and hðxÞ are
functions of DV thickness before and after deformation (Fig. 5I).
The spatial pattern of DV thickness was measured with optical
projection tomography (Sharpe et al., 2002) (see Fig. 5E). Statistical
analysis showed that the correlation between 2D deformation on
the frontal plane and DV growth rate is very low (0.015),
indicating that these two deformation processes can be dealt with
independently, at least during focal developmental stages
(e.g., St.23–24) of chick hindlimb development (see Appendix I). We
also evaluated 3D volume growth rate by multiplying the area and DV
growth rates at each position (Fig. 5I (right)) and found that the spatial
patterns of 2D area growth and 3D volume growth are quite similar.
3. Discussion
3.1. Choice of mesh size and prior information
In the estimation of a deformation map, the choice of mesh size
may be important. In general, if the mesh is too coarse, the spatial
heterogeneity of deformation characteristics is difﬁcult to capture,
while if it is too ﬁne, over-ﬁtting to data occurs, and there is a
higher calculation cost. One solution is to choose by the mini-
mization of prediction error calculated by methods such as cross
validation. Another way is to evaluate the goodness of the model
based on the balance between model complexity and likelihood by
the Akaike Bayesian information criterion (ABIC); Given marginal
likelihood PðxjωÞ, ABIC is deﬁned as
ABICðωÞ ¼ 2 log PðxjωÞþ2ðdim of ωÞ;
where ω indicates hyper parameters, i.e., the penalty of model
complexity can be evaluated by the number of hyper-parameters
in the statistical model used.
In a practical sense, however, the estimated maps may not be
so sensitive to the mesh size as shown in Fig. 4C. They would not
be so different if the mesh size is several or ten times greater than
the scale of a single cell and small compared to that of the whole
organ, although the problem may depend on cases of interest.
Such mesh sizes are enough to average out the variability in size
and shape of single cells and to capture spatial heterogeneity of
deformation characteristics over the whole organ, which is sup-
ported by the empirical fact that tissue deformation is often
smooth. In the case of chick limb development, since the scale of
the limb bud is 1 mm and that of a cell is 10 μm, we chose
mesh sizes of around 100 μm in the analyses (Fig. 5D).
In this study, the smoothness of both internal tissue and
boundary shape was adopted as prior information in the Bayesian
inference of deformation maps, and this choice has proven to work
well. As an alternative choice of prior information, we tested one
with smoothness for only internal tissue (Fig. 4D). In that case, the
estimation error around the organ boundary was much higher, and
thus, we think that boundary smoothness is important prior
information, especially in estimating whole-organ deformation
maps including organ boundary shape; however, if the main
interest is the deformation pattern of a part of a tissue far from
the boundary, prior information without boundary smoothness
may also work well and save calculation cost due to the decrease
in the number of hyper parameters (see Appendix F). Furthermore,
as a plausible situation, suppose that the measurement of posi-
tions of boundary points is technically less difﬁcult than that of
internal tissue, and that the resolution or precision of measure-
ment of boundary points is expected to be much higher. In such a
situation, it might be possible to extend the statistical model used
in this study by assuming a different probability distribution for
boundary data with a smaller variance compared to internal point
data, although the calculation cost becomes higher.
3.2. Limb development
We here applied the proposed method to a speciﬁc, limited
time interval in chick limb development (St.23–St.24) due to the
limited availability of data. As a future challenge, by performing
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similar analyses for different developmental stages, spatio-temporal
patterns of tissue volume growth and anisotropic tissue deforma-
tion will be revealed. As shown in Fig. 5I–J, we found a clear
correlation between posteriorly-biased tissue growth rate and the
SHH expression pattern. Since gene expression is static ON/OFF
information, quantifying SHH signaling activity and comparing it
with tissue growth dynamics will be important. For inter-
hierarchical understanding, identifying factors that determine
tissue growth rate at the cellular level is also needed; events such
as cell proliferation, the growth of cell size, and the secretion of
extracellular matrix are possible candidates. We also found that
there was not a large bias in the rate of stretching along the P–D
axis, meaning that the limb ﬁeld uniformly expands along this axis
during St.23–St.24. For now, the mechanism for achieving this
anisotropic tissue deformation is unknown; space- and direction-
dependent cellular behaviors, such as oriented cell division (Gros
et al., 2010; Sato et al., 2010) and heterogeneity of cell–cell
adhesion (Ide et al., 1998; Barna and Niswander, 2007), or some
kinds of mechanical constraint along a speciﬁc axis, as observed at
the hinge region during Drosophila wing development (Aigouy
et al., 2010), might be involved.
Our versatile method broadens the possibilities for analyzing
deformation dynamics, especially for vertebrate organs, and will
contribute to the enhancement of multi-scale understanding of
organ morphogenesis. Furthermore, extracting and comparing
distinctive deformation characteristics, i.e., morphogenetic hot
spots, in homologs among different species should provide quan-
titative guideposts for discussing morphological diversity and
evolution between species.
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Appendix A. About tensors
Here we brieﬂy explain the deﬁnition of a second order tensor
and some related concepts. There are several approaches to
deﬁning tensors, but here we deﬁne them in terms of a multi-
linear map. For a given vector space V and its dual space Vn, each
element α of Vn can be regarded as a linear map from V to R; i.e.,
the following is satisﬁed:
αðc1vþc2wÞ ¼ c1αðvÞþc2αðwÞ; ðA1Þ
where c1; c2AR and v;wAV. Inversely, each element v of V can
also be regarded as a linear map from Vn to R. In tensor algebra,
elements of V are called (1,0)-tensor, and those of Vn are (0,1)-
tensor. By introducing bases feig in V and fejgin Vn, αAVn and vAV
are written using their components as ∑iαieiand ∑iviei, respec-
tively, and then αðvÞ is ∑iαivi.
Higher-order tensors are deﬁned in a similar manner. (0,2),
(1,1), (2,0)-tensors are deﬁned as bilinear maps from V V, Vn  V,
and Vn  Vn to R, respectively. For given bases feig and fejg, for
instance, (1,1)-tensor A is represented with its components as
∑i;kA
i
kei  ek, where ei  ek is a basis of the vector space that is
composed of all the bilinear maps from Vn  V to R, and ðei  ekÞ
ðea; ebÞ ¼ δai δkb (δji: Kronecker's delta) holds.
It is possible to consider a bilinear map from Wn  V to R,
where Wn is the dual space of a vector space W that is different
from V. In this case, the tensor is called a two-point tensor. In the
context of continuum mechanics, the deformation gradient tensor
is a two-point tensor, and V and W correspond to the tangent
spaces at X (i.e., a position before deformation) and at x¼ ϕðXÞ
(after deformation), respectively. As described in the main text,
using the deformation map ϕ, the deformation gradient tensor is
written as:
F ¼∑
i;K
FiKei  EK ¼∑
i;K
∂ϕi=∂XKei  EK ; ðA2Þ
where EK and ei are the K-th basis in the cotangent space at X and
the i-th basis in the tangent space at x¼ ϕðXÞ. It should be noted
that, for orthonormal bases, ei (or EK ) can be identiﬁed with ei (or
EK ), and then F is sometimes described as F ¼∑FiKei  EK with-
out distinguishing between a vector space (i.e., tangent space) and
its dual space (cotangent space), as shown in Eqs. (2) and (3) .
The second-order tensor can be deﬁned as a linear transforma-
tion (see Bonet and Wood (2008) for details).
Appendix B. Comments on the case of three-dimensional
deformation
The inference process for two-dimensional deformation
described in Section 2.3 can be applied to the three-dimensional
case with minor modiﬁcation. Here we brieﬂy discuss this applica-
tion. In the 3D case, the tissue deformation map can be repre-
sented as the deformation of a regular 3D lattice enveloping the
target organs before deformation, i.e., the correspondence
between Θi ¼ ðXiL;YiL; ZiLÞ and θi ¼ ðxiL; yiL; ziLÞ. The interpolation
coefﬁcient given by Eq. (5) needs to be modiﬁed as follows:
Wik ¼
1
8
17
dXi
ΔX
 
17
dYi
ΔY
 
17
dZi
ΔZ
 
; ð50Þ
where i1;…; i8 are the lattice points forming the cube that includes
the focal point. Regarding prior information, smooth deformation
of internal tissue can be represented as follows: for each lattice
point i, variation among the deformations of 8 adjacent cubes
deﬁned by the lattice points adjacent to the point i is not large
(corresponding to Eq. (7)). In addition, since the organ boundary is
a 2D surface, Eqs. (7) and (8) themselves are available for modeling
the boundary smoothness. If necessary, an assumption of the
smoothness of the boundary of the 2D surface (i.e., 1D curve)
could be also included.
Appendix C. FkL
ðjβÞ in Section 2.3.2.
The deformation of the β-th square (see Fig. 3B) is written as
the following tensor:
FðjβÞ ¼∑
k;L
FkL
ðjβÞek  EL; ðC1Þ
where EL (L¼ 1;2) and ek (k¼ 1;2) are bases before and after
deformation, respectively. In the case of square Sj1 (Fig. 3B), for
example, Fðj1Þ satisﬁes
ðθj1θjÞ ¼ Fðj1ÞðΘj1ΘjÞ; ðθj2θjÞ ¼ Fðj1ÞðΘj2ΘjÞ; ðC2Þ
or, using the components of the tensor and vectors,
xj1LxjL xj2LxjL
yj1
LyjL yj2LyjL
 !
¼ F11
ðj1Þ F12
ðj1Þ
F21
ðj1Þ F22
ðj1Þ
 !
Xj1
LXjL Xj2LXjL
Yj1
LYjL Yj2LYjL
0
@
1
A:
ðC3Þ
By adopting Eq. (7), E½θj can be given as a weighted linear sum of
the positional vectors of neighboring lattice points θjβ (precisely, if
the focal lattice point is the end of the lattice, E½θj can be a linear
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sum of positional vectors of neighboring lattice points and boundary
points (see Fig. 3C)). Although there are different ways of deﬁning
the smoothness of deformation, as seen later (Eqs. (13) and (14)),
the linearity makes it possible to perform numerical calculations
for parameter estimation within a realistic computation time.
Appendix D. Bayesian inference
Bayesian inference is based on the following Bayes' theorem:
PðAjBÞpPðBjAÞPðAÞ;
where the left hand side indicates the posterior probability for A
(e.g., the parameter to be estimated) for given B (data), and the
right hand side is the product of the likelihood and prior prob-
ability. PðBjAÞ is the probability of observing B given A. As a
function of A with B ﬁxed, it is likelihood. The prior probability
PðAÞ is the probability of A before B is observed. See Bishop (2006),
for example, for details on Bayesian inference.
Appendix E. Derivation of Eq. (16)
2 log Lðs2; μ12; μ22; f2Þ
¼ 2 log
ZZ
C exp  1
2s2 gG
θ
f1
f2
0
B@
1
CA


2
 g
2
2s2
2
664
3
775dθdf1; ðD1Þ
¼ 2 log Cð2πs
2ÞðM1 þM2Þ
ðdetGTGÞ1=2
 g
2
s2; ðD2Þ
¼ 2 log Cþ2 log ð2πs2ÞðM1 þM2Þ 2 log ∏
2ðM1 þM2Þ
j ¼ 1
Gjj


 

 g2s2; ðD3Þ
¼ 2 log CþðM1þM2Þlog ð2πs2Þ2 ∑
2ðM1þM2Þ
j ¼ 1
log Gjj


 

 g2s2: ðD4Þ
Using Eq. (15b), the right side in Eq. (D4) becomes
¼ log ðdetD1TD1Þþ log ðdetD2TD2Þþ2ðM1þM2Þlog ð2πs2Þ
2N log ð2πÞ2N log ðs2Þ2M1 log ð2πÞ2M1 log ðw12Þ
2M2 log ð2πÞ2M2 log ðw22Þ2 ∑
2ðM1þM2Þ
j ¼ 1
log Gjj


 

 g2s2; ðD5Þ
¼ 2N log ðs2Þ g
2
s2þ2M1 log ðμ1
2Þþ2M2 log ðμ22Þ
2 ∑
2ðM1þM2Þ
j ¼ 1
log Gjj


 

þconst: ðD6Þ
Maximizing the right side of Eq. (D6) in terms of s2, Eq. (16) is
obtained.
Appendix F. About computational time:
In numerically searching the parameter set ðμ1; μ2Þ that max-
imizes the marginal likelihood (Eq. (12)), the rate-limiting factor is
the calculation for obtaining an upper triangular matrix (QR decom-
position) (Eq. (14)), where the size of the matrix to be decomposed is
2ðNþM1þM2Þ  2ðM1þM2þ2Þ. Denoting the time for this calcula-
tion by τðN;M1;M2Þ, the total computational time for ﬁnding the
parameter set for maximizing the marginal likelihood is given by
τðN;M1;M2Þnμ1nμ2, where nμ1 (or nμ2) is the number of meshes along
the μ1 (or μ2) axis (i.e., resolution) in the parameter searching
process. The value of τ would be shortened by optimizing the
algorithm for QR decomposition, including parallelization (discussing
details on calculation amount is beyond the scope of this study).
In the case where prior information about boundary smooth-
ness (π2) is not included in the statistical model (see the last
paragraph of Section 2.4), the total computational time for the
parameter search is τðN;M1;M2Þnμ1.
Appendix G. In the case of no prior information about
boundary smoothness
In this case, the posterior distribution (Eq. (11)) and marginal
likelihood function (Eq. (12)) are modiﬁed as follows:
PðθjxÞpPDðxjθ;s2Þπ1ðθjf1;w12Þ; ðG1Þ
p exp  1
2s2H
0ðθÞ
 
; ðG2Þ
H0ðθÞ ¼ ð‖xAθ‖2þμ12‖D1θB1f1‖2Þ; ðG3Þ
L0ðs2; μ21; f1Þ ¼
Z
PDðxjθ;s2Þπ1ðθjw21; f1Þdθ: ðG4Þ
After similar calculations given in the main text and Appendix E,
we ﬁnally obtain the maximization problem:
max
s2 ;f1
ð2L0Þ ¼ 2N log g2 þ2M1 log ðμ21Þ2 ∑2M1
j ¼ 1
log jGjjjþconst:
ðG5Þ
Appendix H. Data for chick hindlimb development
(i) DiI and DiO markers on the frontal plane (spanned by the P–D
and A–P axes).
As stated in the main text, we injected approximately a few
tens of ﬂuorescent spot markers into limb mesenchyme at a
depth of about 100 μm from the dorsal ectoderm using a sharp
tungsten needle that had been dipped in a 1 mg/ml DiI/DiO
solution (Fig. 5B and C). This method makes it possible to
inject DiI/DiO into a much smaller area in the limb than is
possible with DiI/DiO liquid injection by glass pipette. We used
only limb buds of the same length at developmental stage
St. 23 by measuring with an ocular micrometer. Fluorescent
microscopic images were taken with an M205FA Leica micro-
scope with a digital zoom focus to precisely adjust the
magniﬁcation every time. To estimate the 2D deformation
map, we used the combined data on marker positions from
8 embryos. Before combining the data, we normalized the
shape of each limb bud as follows: we ﬁrst chose the direction
of the PD axis manually (i.e., by eye) for each limb bud, and
then the sizes along the PD and AP axes (the direction of which
is automatically deﬁned as the one perpendicular to the PD
axis) were separately normalized for each limb bud (see the
lower panel of Fig. 5D).
We manually associated the markers before and after defor-
mation. This was not so difﬁcult because we used two kinds of
markers, DiI and DiO, with different colors, and because the
number of markers for each limb bud was not so large. We
measured the coordinates of the positions with maximum
brightness for each marker by using a digitizer. Although the
measurement might include a bit of error, cross validation
guarantees the precision of the estimated deformation map.
(ii) Measurement of dorsal–ventral thickness with an OPT scanner.
Sizes along the dorsal–ventral axis of the limb bud were
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measured with an OPT (optical projection tomography) scan-
ner. The shape of each limb bud was captured by detecting
autoﬂuorescence by the limb bud, which was embedded in 1%
low melting point agarose diluted in PBS. To avoid shrinkage
and deformation of the tissue due to dehydration, samples
were not cleared with benzyl benzoate/benzyl alcohol. Data on
DV thickness were extracted by Avizo software. Fig. 5F shows
the averaged DV thickness for 3 embryos at St. 23 and St. 24.
Since limb bud size was slightly different between embryos,
data for each embryo were normalized along the PD and AP
axes before averaging.
Appendix I. Analysis of the correlation between area and DV
growth rates
The correlation coefﬁcient for the correlation between area and
DV growth rates, ρAD, was calculated as follows:
ρAD ¼ E½ðAðxiÞEAÞðDðxiÞEDÞ=ðsAsDÞ; ðI1Þ
where AðxiÞ and DðxiÞ are the area and DV growth rates at each
lattice point xi, respectively (see Fig. 5D). EA and ED are their
averages over the whole limb bud. sA and sD are their standard
deviations.
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